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Explain canonical forms of Elliptic, Hyperbolic, 

and Parbolic :

Reduce the PDE

Rr + Ss + Tt + f (x,y,z,p,q) = 0     --------- (1)  to a 

canonical form we apply the transformation.

ξ = ξ (x,y)    ,   η = η (x,y)   -------- (2)

such that, the function ξ and η are continuously differentiable 

and the jacobian

J = 
𝝏 (𝝃,𝜼)

𝝏 (𝒙,𝒚)
= 

𝝃𝒙 𝝃𝒚
𝜼𝒙 𝜼𝒚

= ξxηy - ηxξy ≠ 0     -------- (3)

in the domain ‘Ω’ , where equation (1) holds, Now we have,

P = 
𝝏𝒛

𝝏𝒙
= 
𝝏𝒛

𝝏𝝃
. 
𝝏𝝃

𝝏𝒙
+ 
𝝏𝒛

𝝏𝜼
. 
𝝏𝜼

𝝏𝒙



P = Zξ . ξx + Zη . ηx

p = 𝜉x . Z𝜉+ 𝜂x + Z𝜂

q =  𝜉y . Z 𝜉+ 𝜂y  + Z𝜂

r = 
𝝏𝟐𝒛

𝝏𝒙𝟐
= 

𝝏

𝝏𝒙
(
𝝏𝒛

𝝏𝒙
)

r = 
𝝏

𝝏𝒙
(ξx . Zξ + ηx . Zη)

r = 
𝝏

𝝏𝝃
[ ξx . Zξ + ηx . Zη ] 

𝝏𝝃

𝝏𝒙

+ 
𝝏

𝝏𝜼

[ ξx Zξ + ηx Zη ] 

𝝏𝜼

𝝏𝒙

r = ξx
2 Zξξ + ξxx Zξ + 2 ξx ηx Zηξ + ηxx Zη + ηx

2 Zηη

Simlarly ,

t = ξy
2 Zξξ + ξyy Zξ + 2 ξy ηy Zηξ + ηyy Zη + ηy

2 Zηη

s = ξxξxZξξ + ηxηyZηη + ξxηyZηξ + ξyηxZηξ + ξxηyZξ + ηxηyZη

Substitute these values of p,q,r,s,t in (1)  we get

A(ξx , ξy) Zξξ + 2B( ξx ,ξx,ηx,ηy) Zηξ + A(ηx,ηy) Zηη 

+ F( 𝜉,η ,Z, Zξ ,Zη) = 0    ------------- (4)

Where,  

A(U,V) = Ru2 + Suv + Tv2



2B ( u1 , u2 , v1 , v2) = 2Ru1u2 + S(u1v2 + u2v1) + 2Tv1v2

Now it can be easily verified that,

2B2(ξ x , ξy , ηx , ηy ) - A( ξ x , ξy ) A(ηx , ηy) = (S2 - 4RT) J ----- (5)

where J is given by (3)

Case (i):

Under the condition S2 - 4RT > 0, the equation Rλ2+Sλ+T=0

has real and distinct roots.

Let these roots be λ1 and λ2

We choose  ξ and η such that ξ x = λ1ξy , ηx = λ2 ηy

Now,

ξ x = λ1ξy --------- (6)

ξ x - λ1ξy = 0 being a first order lineat PDE.

we’ve, 
𝒅𝒙

𝟏
=

𝒅𝒚

−𝜆𝟏
=

𝒅𝜉

𝟎

Therefore, dξ = 0          ξ = constant
𝒅𝒙

𝟏
=

𝒅𝒚

−𝜆𝟏

S2 - 4RT > 0



𝒅𝒙

𝟏
= 

𝒅𝒚

−𝝀𝟏

𝒅𝒚

𝒅𝒙
+ λ1(x,y) = 0 , 

𝒅𝒚

𝒅𝒙
+ λ2(x,y) = 0     -------- (7)

Let the solution of these equations be given by,

f1(x,y) = constant

f2(x,y) = constant

Thus we get,

ξ = f1 (x,y)   and   η = f2(x,y)   --------- (8)

Now, 

A(ξx , ξy) = Rξx
2 + Sξxξy + Tξy

2

= Rλ1
2ξy

2+ Sλ1ξyξy + Tξy
2

= ξy
2 (0)    [ since, λ1 is a root of Rλ2+Sλ+T=0]

A(ξx , ξy) = 0



Similarly,

A(ηx,ηy) = 0   [since, λ2 is a root of Rλ2+Sλ+T = 0]

B2 = (S2 - 4RT) J ≠ 0

Equation (4) reduces to 

Zξη = g ( ξ,η,Z,Zξ,Zη)

which is required canonical form for the hyperbolic PDE.

Case (ii) :

Then Rλ2 + Sλ+ T = 0 has equal roots.

i.e) λ1 = λ2 = λ (say)

we choose ξ = f1(x,y) , f1(x,y) = constant is a solution of 
𝒅𝒚

𝒅𝒙
+ 

λ(x,y) = 0

where 
𝑨 (𝜉𝒙,𝜉𝒚) = 𝟎

𝑺𝟐 − 𝟒𝑹𝑻 = 𝟎
Therefore equation (5) implies, B = 0

S2 - 4RT = 0



However,

A(ηx,ηy) ≠ 0

Otherwise η will depend upon ‘ξ’ using A = B =0 in (4),we get

Zηη = g ( ξ,η,Z,Zξ,Zη)

which is the required canonical form for the parabolic PDE

Case(iii) :

In this case the roots of Rλ2+Sλ+T=0 are imaginary.

Therefore , ξ and η will be complex.

Let ξ = α + iβ

η = α - iβ

S2 - 4RT < 0



where, α , β are equal

α = 1/2 (ξ + η)

β = 1/2(η - ξ)

with this transformation we have

Zξη =
𝟏

𝟒
( Zαα + Zββ)

and proceeding on the similar lines as on case (i) we get,

Zαα + Zββ = Φ ( α,β,Z,Zα ,Zβ )

which is the required canonical form for the Elliptical PDE.



Conclusion :

i)   If S2 - 4RT < 0 , then it is Elliptic.

ii)  If S2 - 4RT = 0 , then it is Parabolic.

iii) If S2 - 4RT > 0 , then it is Hyperbolic.
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