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Explain canonical forms of Elliptic, Hyperbolic,
and Parbolic

Reduce the PDE
R+ 5.+ T +1(xy.z,p,q)=0
canonical form we apply the transformation.
E=8(X%y) , n=n(y)
such that, the function  and n are continuously differentiable
and the jacobian
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in the domain ‘Q’°, where equation (1) holds, Now we have,
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Simlarly,

t=§°  Zg+8) 2+ 28 2y My 2, +y° 2y,

S = gxgngg T nxnyznn T éXnyzilg i E-’ynxz'lg + ﬁxﬂyzg T nxnyzn
Substitute these values of p,q,r,s,tin (1) we get
A(gx | E_'y) Z@@ + ZB( §X 9§X9nx9ny) Zné + A(nxmy) Zml
+ F( Ean 9Z9 Zg 1Zq) = O
Where,

A(U,V) = Ru? + Suv + Tv?




2B (u,,U,, vy, V,) =2Ru,u, + S(uv, + u,v,) + 2Tv,V,
Now it can be easily verified that,
ZBZ(&JX ’ E.:y,"x,ny) 'A( gx ’ ‘gy)A(nxny) = (82 B 4RT) J (5)
where J is given by (3)
Case (I):
S2-4RT>0

Under the condition S? - 4RT > 0, the equation RA*+SA+T=0
has real and distinct roots.

Let these roots be A, and A,

We choose & andn such that &,=4,& , N, = A1,
Now,

§x= xlgy
EX - &, =0 being a first order lineat PDE.

T g
We've, = = —- =
Therefore, d5 =0 ¢ = constant
dx dy

Y




(%y)=0,—= + M(xy) =0
Let the solution of these equations be given by,
f,(x,y) = constant
f,(x,y) = constant
Thus we get,
E=f,(xy) and n="f,(Xy)
Now,

ARGy &) =REZ+ 85,8, +TE 2

- m12§y2+ S;‘l‘tﬁygy + Tgyz
=&,2(0) [since,}, isaroot of RA>4+S)+T=0]

AG &) =0




Similarly,
A(M,,my) =0 [since, A, is a root of RA*+S)+T = 0]
B> =(S?-4RT)J#0
Equation (4) reduces to
Zgn =g( %ﬂlaZaZg,Zn)
which is required canonical form for the
Case (1) :

Then RA?-  s2-arT=0 equal roots.
i.e) A, = A, = A (say)

4y 4
dx

we choose € =f,(X,y) , f,(X,y) = constant is a solution of
Mx,y) =0

A(,$,)=0

S —4RT =0
Therefore equation (5) implies, B =0

where




However,

A(Myn,) # 0
Otherwise n will depend upon ‘€’ using A = B =0 in (4),we get
Zn=9 ( ga‘lazazgizq)
which is the required canonical form for the PDE
Case(lil) :
S2-4RT<0

In this case the roots of RA*+SA+T=0 are imaginary.

Therefore , £ and n will be complex.
LetE=a+ip
n=o-if




where, a , § are equal
a=1/2@E+n)
p=1/2(n- %)
with this transformation we have
1
qu —Z ( Z(w t ZBB)
and proceeding on the similar lines as on case (1) we get,

Loyt Lpg =P (0,p,2Z,Z,,Z5 )
which is the required canonical form for the




Conclusion :

1) 1fS2-4RT <0, thenitis

i) IfS?-4RT =0, thenitis

i) If S2- 4RT > 0, then it is
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